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Abstract
Purpose – In pure material design, the previous research has indicated that lots of optimization factors such

as used algorithm and parameters have inﬂuence on the optimal solution. In other words, there are multiple
local minima for the topological design of materials for extreme properties. Therefore, the purpose of this
study is to attempt different or more concise algorithms to ﬁnd much wider possible solutions to material
design. As for the design of material microstructures for macro-structural performance, the previous studies
test algorithms on 2D porous or composite materials only, it should be demonstrated for 3D problems to
reveal numerical and computational performance of the used algorithm.
Design/methodology/approach – The presented paper is an attempt to use the strain energy method
and the bi-directional evolutionary structural optimization (BESO) algorithm to tailor material
microstructures so as to ﬁnd the optimal topology with the selected objective functions. The adoption of the
strain energy-based approach instead of the homogenization method signiﬁcantly simpliﬁes the numerical
implementation. The BESO approach is well suited to the optimal design of porous materials, and the
generated topology structures are described clearly which makes manufacturing easy.
Findings – As a result, the presented method shows high stability during the optimization process and
requires little iterations for convergence. A number of interesting and valid material microstructures are
obtained which verify the effectiveness of the proposed optimization algorithm. The numerical examples
adequately consider effects of initial guesses of the representative unit cell (RUC) and of the volume
constraints of solid materials on the ﬁnal design. The presented paper also reveals that the optimized
microstructure obtained from pure material design is not the optimal solution any more when considering the
speciﬁc macro-structural performance. The optimal result depends on various effects such as the initial guess
of RUC and the size dimension of the macrostructure itself.
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Originality/value – This paper presents a new topology optimization method for the optimal design of 2D

and 3D porous materials for extreme elastic properties and macro-structural performance. Unlike previous
studies, the presented paper tests the proposed optimization algorithm for not only 2D porous material design
but also 3D topology optimization to reveal numerical and computational performance of the used algorithm.
In addition, some new and interesting material microstructural topologies have been obtained to provide
wider possible solutions to the material design.

Keywords Bi-directional evolutionary structural optimization (BESO), Elastic modulus,
Material design, Mean compliance, Strain energy method

Downloaded by Doctor Daicong Da At 12:30 02 May 2018 (PT)

Paper type Research paper

1. Introduction
Composites possess outstanding physical, mechanical and thermal properties such as low
ratio of weight to strength, corrosion and thermal resistance and toughness. Porous material
as a special composite material has been widely used in industry ﬁeld. For instance, there
are honeycomb-like materials which are used for lightweight structural components, and
products such as coffee cups and the insulation of booster rockets for space shuttles exploit
the lower thermal conductivity of foam (Gibson and Ashby, 1997). When these
heterogeneous materials are used, one has to account its effective constitutive properties
ﬁrst so as to assess the structural responses. Homogenization method is the most commonly
used approach to evaluate the effective constitutive parameters of the considered periodical
material microstructures or representative unit cell (RUC). This theory is based on rigorous
mathematical argument and its numerical implementation procedure is well described in
Guedes and Kikuchi (1990). Hassani and Hinton (1998a, 1998b) developed a review of
numerical homogenization procedure and its conjunction with topology optimization. With
the rapid advancing of processing technologies, it provides extensive opportunities for
tailoring material microstructures for extreme material properties. By means of inverse
homogenization, the topology optimization has been applied for tailoring material RUC with
prescribed constitutive properties (Sigmund, 1994), extreme thermal expansion coefﬁcients
(Sigmund and Torquato, 1997), extreme viscoelastic behavior (Andreassen and Jensen, 2014;
Chen and Liu, 2014), maximum stiffness and ﬂuid permeability (Guest and Prévost, 2006;
Guest and Prévost, 2007) and recently hyper-elastic properties (Wang et al., 2014), etc.
(Paulino et al., 2009; Zhou et al., 2010; Wang et al., 2014; Li et al., 2016).
Note that another valid approach for accounting material constituent behavior is the
strain energy method which is based on average-ﬁeld theory. Hori and Nemat-Nasser (1999)
showed that the average-ﬁeld and the homogenization theory can yield essentially the same
effective modulus and boundary-value problems, while the former approach is more concise
and efﬁcient comparatively. Zhang et al. (2007a, 2007b) presented the topology optimization
of material microstructure by using strain energy-based method which showed advantages
of higher computing efﬁciency and simpliﬁed programming. Recently, an energy-based
homogenization approach is adapted to the design of materials which signiﬁcantly
simpliﬁes the numerical implementation (Xia and Breitkopf, 2015a). However, no matter
which kind of method is used, the obtained material microstructures which process the same
material properties could have totally different topologies. In other words, there are many
locally optimal solutions in material design using topology optimization and parameters
such as the initial guess of design domain and the used optimization algorithm have major
inﬂuence on ﬁnal designs. Therefore, it is meaningful of using different method to material
microstructural design to ﬁnd a much wider range of possible solutions.
This paper is an attempt to employ the strain energy method and the bi-directional
evolutionary structural optimization (BESO) method to tailor material microstructures so as
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to ﬁnd the optimal topology with the selected objective functions. Huang et al. (2011) ﬁrst
used the BESO method to designing periodic microstructures of porous materials for
maximum bulk and shear modulus. Comparing with the continuous density-based topology
optimization method, the feature of the BESO method is using discrete variables so that the
obtained structures are very clear and easily manufactured (Huang and Xie, 2007; Huang
and Xie, 2010a; Huang et al., 2010; Huang and Xie, 2010b; Da et al., 2017; Xia et al., 2016). By
BESO, some other extraordinary material properties, e.g. extreme electromagnetic
permeability and permittivity (Huang et al., 2012) and viscoelastic behavior (Huang et al.,
2015) were investigated.
Unlike the pure material design as aforementioned, design of a universal material
microstructure for a ﬁxed macrostructure was also investigated. Fujii et al. (2001) designed
the composite materials that minimize the mean compliance of the macrostructure subject to
volume fraction constraints of constituent phases. Huang et al. (2013) introduced a topology
optimization algorithm for design of porous materials and composites so that the resulting
macrostructure has the maximum stiffness. To reveal the equivalence of the solutions from
the macro and micro approaches, Zuo et al. (2013) compared optimal material
microstructures with optimal periodic structures. Xia and Breitkopf (2014b, 2014a, 2016,
2015b) addressed concurrent design of material and structure within the FE2 nonlinear
multi- scale analysis framework. However, these studies mainly focus on the optimal design
of 2D porous or composite materials. The aims of this work are to integrate the established
BESO method, stain energy method and material interpolation scheme to carry out not only
the pure material design for maximum effective elastic modulus (bulk or shear modulus) but
also the two-scale optimization problem by tailoring the 2D and 3D microstructural
architectures for macroscopic structural compliance. The remainder of this paper is
organized as follows: details of the stain energy-based method and sensitivity analysis are
described in Section 2. Section 3 formulates pure material design for maximizing effective
bulk modulus or shear modulus. Design of porous materials for the macro-structural
stiffness is presented in Section 4. Concluding remarks are given in Section 5.
2. Principle of the stain energy-based method and sensitivity analysis
When a porous material is composed of RUCs periodically, the effective elasticity properties
of this porous material can be calculated by the strain energy-based method. In this method,
unit test strain « 0ij imposes only on the boundaries of the RUC, and it satisﬁes the average
strain theorem for elastic bodies (Zhang et al., 2007b; Hashin, 1983): « ij ¼ « 0ij , where « 0ij are
constant strains.
The average strain and stress follow the linearity relation:
rij ¼ D H
ijkl ekl

(1)

where D H
ijkl is the effective elastic modulus.
The strain energies stored in the RUC can be written as:
1
eij ekl V
C ¼ DH
2 ijkl

(2)

where V denotes the volume of the RUC.
For 2D orthotropic materials, the effective elastic matrix is formulated as equation (3).
!
"T
!
"T
!
"T
!
"T
Four constant strains e 1 ¼ 1 0 0 , e 2 ¼ 0 1 0 , e 3 ¼ 0 0 1 and e 4 ¼ 1 1 0 are
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used to calculate four components of the effective elastic matrix. In the ﬁrst test,
!
"T
suppose the average strain of the RUC is e 1 ¼ 1 0 0 , the average stress is
#
$T
H
r1 ¼ DH
correspondingly. Then, the parameter D H
1111 can be calculated as:
1111 D 1122 0
1
1
DH
1111 ¼ 2C , where C denotes the strain energy of the ﬁrst test (Zhang et al., 2007b). It is seen
that the remaining components of the DH can be obtained through other three different test
strain ﬁelds. The extension of computation of the effective elastic modulus to 3D is
straightforward.
2
3
DH
0
DH
1111
1122
6
7
6
7
DH ¼ 6
(3)
7
DH
0
2222
4
5
H
sym
D 1212

Material interpolation scheme with penalization which has been widely used in the SIMP
method by Bendsøe and Sigmund (1999) is adopted here to derive the sensitivities of the
effective properties respect to the design variable:
K ðxn Þ ¼ K 0 ðxn ÞP

(4)

where K0 indicates the stiffness matrix of solid elements. K(xn) and xn are the stiffness
matrix and the relative density of an arbitrary element n, respectively. xn is equal to 0.001 or
1 representing a void element or solid element, respectively. P is the penalty exponent and
equals to 3 throughout this paper.
The ﬁnite element equilibrium equation of the RUC is:
KU ¼ F

(5)

where U and F are the displacement vector and force vector respectively. K is the global
stiffness matrix which is assembled by K(xn).
Thus, the sensitivity of the strain energy with respect to the design variable xn can be
expressed as:
dC 1 T @K
1
P
T
¼ U
U ¼ P ðU n Þ ðxn ÞP$ 1 K 0 U n ¼ Cn
dxn 2
@xn
2
xn

(6)

It is observed from equation (6) that the sensitivity of the strain energy or effective elastic
modulus with respect to design variables only depends on the element relative density and
the strain energy. Therefore, the used strain energy-based method is relatively concise and
extremely convenient for programming. In addition, it is straightforward to incorporate it
with topological design of porous materials or composites for extreme material properties
and macro-structural performance.
3. Topological design of materials for extreme properties
3.1 Optimization problem
It is well known that effective properties of composite materials are greatly depended on
microscopic structural architecture/topology. To obtain heterogeneous materials with
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extreme properties, the goal, put simply, is to ﬁnd an optimal material layout within the
given domain (i.e. RUC in material design) for speciﬁed boundary conditions and
constraints. Therefore, the topology optimization problem of porous materials for extreme
elastic modulus can be mathematically written as:
Maximize: c ¼ v ijkl DH
ijkl
Subject to: V ðxÞ ¼

N
X

Vn xn

(8)

n¼1

xn ¼ 0:001 or 1; % % % n ¼ 1; 2; . . . ; N
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(7)

(9)

where V(x) denotes the objective volume of solid materials and Vn denotes the volume of the
n-th element in the RUC. Binary design variable xn is the relative density of the n-th element,
where xn = 1xn = 1 indicates that the element is ﬁlled with solid materials and xn = 0.001
means a void element. v ijkl is the weight factor and different objectives can be deﬁned when
v ijkl takes different values. For example, in 2D cases, the
of the material" bulk
! maximization
H
H
þ
D
þ
DH
modulus corresponds to the objective function c ¼ 14 DH
1111
1122
2211 þ D2222 and
the maximization of material shear modulus corresponds c ¼ DH
1212 . Using equation (6), the
sensitivity information of the selected objective function with respect to design variables can
be calculated correspondingly.
3.2 Numerical implementation and optimization procedure
In this work, BESO algorithm is used to inversely optimize the topology of the material
RUC. To conquer the common issues of structural topology optimization like checkerboard
pattern and mesh-dependency, the n-th elemental sensitivity number is modiﬁed as Huang
and Xie (2007):
XM
v a
m¼1 nm m
an ¼ X
(10)
M
v
nm
m¼1
where an and am are, respectively, the sensitivity number of n$ and m$ element. v nm is a
linear weight factor:
!
"
v nm ¼ max 0; rmin $ Dðn; mÞ
(11)

determined according to the prescribed ﬁlter radius rmin and the center-center distance
between elements n and m. To control the element sensitivity variation and improve the
convergence of the proposed algorithm, the elemental sensitivity will be averaged with
value of the previous iteration step. The cycle of ﬁnite element analysis and topological
update continue until the target volume V(x) is reached and the following convergence
criterion in terms of objective values is satisﬁed.
'%
%&
% XQ
%
%
c
$ cl$ Q$ qþ 1 Þ %%
%
q¼1 ð l$ qþ 1
#t
(12)
XQ
c
l$
qþ
1
q¼1
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where l is the current iteration number, Q is the integral number and set to be 5 in this work,
and t is allowable convergence errors which is set to be 0.1 per cent. Thus, equation (12)
means stable objective function in at least ten successive iterations. The whole optimization
procedure for designing the microstructure of porous materials for extreme elastic
properties is illustrated as Figure 1.
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3.3 Numerical examples
In this section, several 2D and 3D numerical examples of pure material design for
maximizing effective bulk or shear modulus are presented. It is assumed that the solid
material with Young’s modulus E = 1 and Poisson’s ratio m = 0.3 in both 2D and 3D
examples. The RUC is discretized into 100 ' 100 four-node quadrilateral (Q4) elements for
2D examples and 26 ' 26 ' 26 brick elements (C3D8 in ABAQUS) for 3D examples.
3.3.1 2D example for maximizing the shear modulus. The objective function of this
example is to maximize the shear modulus of 2D porous materials. Three different initial
designs of the RUC as shown in Figure 2 are considered. Initial design A is full with solid
materials except four center elements, and initial design B is full with solid materials except
for four corner elements and initial design C with eight elements at mid-sides of RUC for soft
phase. Volume fractions of solid materials are set to 50 per cent in all three cases.
Figure 3 shows three ﬁnal topologies of material RUC and their corresponding effective
elasticity matrixes obtained from different initial designs. It is seen that soft phases are
separated by the surrounding solid materials to maximize the effective shear modulus. The
effective shear moduli for these three microstructures are 0.1394, 0.1392 and 0.1394. They
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Initial parameters input

Execute finite element analysis and
calculate the effective elasticity
properties

Calculate the elemental sensitivity
according Equation (6)

Smooth elemental sensitivity using
Equations (10) and (11) and further
modify with historical value

Evolve the micro-structure of RUC
using element sensitivities

Convergence?
Yes
Output solution

No

Figure 1.
Flowchart of
materials design for
extreme elastic
properties
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Figure 2.
Initial designs

Figure 3.
Microstructures and
effective elasticity
matrices of 2D porous
materials with
maximum shear
modulus

are very close to each other even though their topological conﬁgurations seem totally
different. In fact, topologies shown in Figure 3(a) and (b) are identical if the RUC extends
towards horizontal and vertical direction periodically. In other words, the RUC shown in
Figure 3(b) obtained from initial design B is the same as the structure inside the orange
square box in Figure 3(a) (middle). Furthermore, the resulting RUC obtained from initial
design C is similar with the structure inside the green square box in Figure 3(a). The results
are consistent with the knowledge in inverse homogenization design that different
topologies of the RUC can possess the same effective elasticity property, and the initial
design of the RUC effects the ﬁnal result. Figure 4 plots the iteration process of shear
modulus and volume fraction of solid phases within the RUC starting three different initial
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Figure 4.
Iterative process of
shear modulus and
volume fraction of
solid materials for
maximizing shear
modulus of 2D porous
materials

guesses. As can be seen, the evolution histories of the shear modulus starting from initial
design A, B and C are very similar. The total iterations are 44, 45 and 46 which indicates that
the proposed topology optimization method has good stability and high computational
efﬁciency.
3.3.2 2D example for maximizing the bulk modulus. In this section, the optimization
objective is selected as the bulk modulus of 2D porous materials, and the initial design A as
shown in Figure 2 is used. Figure 5 shows the ﬁnal microstructures and the corresponding
effective elasticity matrixes when volume constrains of solid materials are set to be 60, 50, 40
and 30 per cent. The fan-like topologies are generated with the reduction of volume fraction
of solid materials. The total iterations are 40, 49, 58 and 70 and the bulk moduli are 0.2396,
0.1796, 0.1304, and 0.0891. The Hashin–Shtrikman (HS) bounds (Hashin and Shtrikman,
1963) can be used to predict the maximum and minimum effective properties that a
composite material could achieve. As for the porous materials, the void phase properties are
equal to zero and the upper bound of bulk modulus can be Torquato et al. (1998):

Figure 5.
RUC, 3 ' 3 RUCs and
Effective elasticity
matrices of 2D porous
materials with
maximum bulk
modulus for different
volume fractions
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Figure 6.
Comparison between
the present solutions
and HS bounds

K* # !

Vf K S GS
"
1 $ Vf K S þ GS

(13)

where KS and GS are the bulk and shear modulus of solid materials respectively. K* is
the bulk modulus of the considered porous material and Vf is the volume fraction of
solid phases of the porous material. Figure 6 draws the curve of the HS upper bound as
the volume fraction of solid phase which shows a good agreement with the present
solutions.
3.3.3 3D example for maximizing the shear modulus. In the following example, the
optimization objective is to maximize the effective shear modulus of 3D porous materials.
The optimization procedure starts from an initial design which is fully composed of solid
materials except for eight center elements of the representative cubic cell. Figure 7 shows the
ﬁnal RUC, 2 ' 2 ' 2 RUCs and effective elasticity matrixes when the volume constraints are
set to be 35, 25 and 15 per cent, respectively. As can be observed, cross sections of obtained
3D microstructures are similar with the 2D microstructures in Section 3.3.1. The
corresponding effective shear moduli are 0.0664, 0.0387 and 0.0164 and the total iterations
are 41, 51 and 54, respectively. It is worthwhile noting that the iteration numbers are all less
than 55 even though the volume constraint is as low as 15 per cent. Figure 8 shows iteration
processes of volume fraction and effective shear modulus for the volume constraint 15
per cent.
3.3.4 3D example for maximizing the bulk modulus. Topological design of 3D porous
materials for the bulk modulus is considered here. The optimization process starts from the
initial design where eight elements at the corner of cubic unit cell are assigned as void
element. The volume fractions of solid materials are set to be 55, 35 and 15 per cent of the
whole design domain. The ﬁnal microstructural topologies of the RUC and their 2 ' 2 ' 2
RUCs and effective elasticity matrixes are shown in Figure 9. The total iterations are 42, 40
and 66, and the ﬁnal bulk moduli are 0.2551, 0.1192 and 0.0265. As in the previous examples,
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Figure 7.
RUC, 2 ' 2 ' 2 RUCs
and Effective
elasticity matrices of
3D porous materials
with maximum shear
modulus for different
volume fractions

the microstructural topologies keep consistency with the decrease of the volume fraction of
solid materials.
4. Topological design of materials for macrostructures
4.1 Optimization problem and sensitivity analysis
This section describes the optimal design of porous materials to minimize the mean compliance
of the considered macrostructures. Figure 10 illustrates a macrostructure composed of porous
materials with periodic microstructures. The microstructures are very small compared with the
characteristic dimension of the macrostructure. For such a two-scale topology optimization
problem, there are two types of ﬁnite element models, i.e. one is the micro model for the
microstructure RUC which is served as the design domain, and the other is the macro model
with respect to the macrostructure for calculating the macroscopic structural response. The
mathematical formulation of design of material microstructures for the ﬁxed macrostructure
with maximum stiffness reads as follows:
1
Minimize : c ¼ U T KU
2

(14)
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Figure 8.
Iterative process of
shear modulus and
volume fraction of
solid materials for
maximizing shear
modulus of 3D porous
materials

Figure 9.
RUC, 2 ' 2 ' 2 RUCs
and Effective
elasticity matrices of
3D porous materials
with maximum bulk
modulus for different
volume fractions
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Figure 10.
A Macrostructure
composed of porous
materials

Subject to : Vx $

XM

m¼1
XM

XN

m¼1

x V
n¼1 n n

XN

V
n¼1 n

¼0

(15)

KU ¼ F

(16)

xn ¼ 0:001 or 1 % % % n ¼ 1; 2; . . . ; N

(17)

where c denotes the mean compliance of the considered macrostructure. M and N denote the
total number of elements in the macro and micro ﬁnite element models, respectively. Vn is
the volume of the n-th element in the RUC and Vx is the ﬁnal volume fraction of solid
materials. The binary variable xn denotes the relative density of the n-th element in the
micro model. F and U are the force vector and the global displacement vector in the macro
model, respectively. K is the global stiffness matrix of the macrostructure which is obtained
by assembling the element stiffness matrices, Km:
ð
Km ¼
BD H BdVm
(18)
Vm

where B is the strain-displacement matrix. Vm denotes the volume of the m-th element in the
macro model. DH is the effective elastic matrix which should be computed form the ﬁnite
element analysis of RUC using the strain energy-based method. Thus, the material elasticity
property is embedded in the macro-scale ﬁnite element analysis from equation (18).
Sensitivity information is indispensable for determining the evolutionary strategy in the
BESO method. The derivative of the macroscopic structural mean compliance with respect
to the design variable in the micro model can be expressed as:
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M
M
dc
1X
@K m
1X
¼$
U Tm
Um ¼ $
UT
@xn
dxn
2 m¼1
2 m¼1 m

ð

BT

Vm

@D H
BdVm Um
@xn

(19)

Therefore, the sensitivity information of micro-scale analysis is coupled with the
displacement ﬁeld of the macrostructure. In addition, it is noted that the gradient
information of the DH with respect to the design variable xn in equation (19) can be directly
obtained according to equation (6). The way of sensitivity calculation in regard to micro
variable shows that the strain energy-based is very suitable for solving this two-scale
topology optimization problem.
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4.2 Numerical implementation and optimization procedure
As mentioned in Section 3.2, the mesh-independent ﬁlter formulated in equations (10) and
(11) which aims to overcome some common numerical issues like checkerboard pattern is
used here. The ﬂowchart of the numerical implementation of design of porous material for
macroscopic structural stiffness is given in Figure 11. The convergence criterion formulated
in equation (12) is also adopted to stop the optimization iteration. In this two-scale
optimization problem, the effective properties of porous materials are obtained via strain
energy-base method which serves as a bridge of the ﬁnite element models of macrostructure

Initial parameters input

Carry out the micro model finite
element analysis and calculate the
homogenized properties DH
Construct the macroscopic finite
element model and substitute the
resulting DH into the model

Calculate the elemental sensitivity
according Equation (19)

Smooth elemental sensitivity using
Equations (10) and (11) and further
modify with historical value

Evolve the micro-structure of RUC
using element sensitivities

Figure 11.
Flowchart of
materials design for
macrostructures

No

Convergence?
Yes
Output solution
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and material microstructures. The topologies of material microstructures are inversely
optimized based on BESO approach. The optimization process is terminated while both
volume constraint and convergence criterion are satisﬁed.
4.3 Numerical examples
4.3.1 2D example. It is assumed that the 2D cantilever as shown in Figure 12 is composed of
periodic porous materials. The objective is to tailor material microstructures for the ﬁxed
cantilever with minimum macroscopic structural compliance by limiting the volume of
material. The solid material of an element in the material RUC is assumed to be isotropic
with Young’s modulus E = 1 and Poisson’s ratio m = 0.3, and volume constraint is set to be
40 per cent of the design domain. The square RUC is discretized into 100 ' 100 four-node
quadrilateral (Q4) elements.
To start the optimization process, the two initial designs shown in Figure 2(a) and (b) are
used. For the cantilever with different L and H values, the optimized microstructures of
porous materials and their effective elasticity properties starting from two initial guesses are
demonstrated in Figure 13. As can be observed, the obtained topologies are completely
different with those in Section 3.3. In addition, the effective constitutive matrices starting
from initial B are very close to that starting from initial A, even though the microstructural
topologies seem different. Once again, it veriﬁes the fact that different microstructures could
hold the same elastic property. Furthermore, the ﬁnal mean compliance of the cantilever
beam with L = 20, H = 40 are 25.3817 and 25.4046 when the optimization procedure starting
from initial designs A and B, respectively. They are very close to each other, and it can
therefore be concluded that different material microstructural topologies could result same
macroscopic structural stiffness.
4.3.2 3D example. A 3D cantilever under a point load is given here to further
demonstrate the presented optimization approach. Figure 14 shows the 3D cantilever
which is composed of porous materials with periodic microstructures. The optimization
objective is to ﬁnd the best distribution of a certain amount of solid materials within the
RUC so that the macroscopic cantilever has the maximum structural stiffness. It is
assumed that the solid material of an element in the material RUC is isotropic with
Young’s modulus E = 1 and Poisson’s ratio m = 0.3, and the volume fraction of solid
materials is set to 60 per cent.
The cubic RUC which serves as the design domain is small enough compared with the
macrostructure, and it is discretized into 26 ' 26 ' 26 brick elements (C3D8 in ABAQUS).
The whole optimization procedure starts from the initial design which is fully occupied by
solid materials except for eight corner elements for void phase. The resulting RUC, 2 ' 2 ' 2
RUCs and effective elasticity matrixes for the 3D cantilever with different values of L, H and
B are shown in Figure 15. The ﬁnal topologies are completely different with change of the
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Figure 12.
A 2D Cantilever with
length L and height H
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Figure 13.
RUC, 3 ' 3 RUCs and
Effective elasticity
matrices of 2D porous
materials starting
from different initial
design for cantilevers
with L and H

Figure 14.
A 3D Cantilever with
length L, width B and
height H
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Figure 15.
RUC, 2 ' 2 ' 2 RUCs
and Effective
elasticity matrices for
3D cantilever with L,
H and B

size of the macrostructure itself. It should be noted that the solutions of material
microstructures for the 3D macroscopic cantilever is not unique because it also depends on
the selection of the initial design of RUC.
5. Conclusions
In this paper, the microstructural topologies of porous materials are tailored for
extreme effective elastic modulus and for macroscopic structural stiffness. The
adoption of the strain energy-based method simpliﬁes the numerical implementation.
The BESO approach is adopted to the inverse design of porous materials, and the
generated topologies are described clearly which makes it easy to manufacture. Several
2D and 3D numerical examples show that the presented method has high stability and
requires little iterations for convergence. In addition, numerical examples consider the
effect of initial guesses of design domain and of volume constraint of solid materials on
the ﬁnal design. Some interesting microstructural topologies of porous materials for the
maximum bulk modulus or shear modulus are generated. Furthermore, the presented
method is extended to tailor the microstructures of porous materials so that the
macroscopic structures have the minimum mean compliance. The optimal result
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depends on various effects such as the initial guess of RUC and the size dimension of
the macrostructure itself. It is worth mentioning that the extension of the presented
method to optimal design of multi-phase composite materials or concurrent topological
design of materials and structures is straightforward.
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